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ABSTRACT. We give some a priori estimates of type sup X inf on Riemannian manifolds for 
Yamabe and prescribed curvature type equations. An application of those results is the uniqueness 
result for Au + eu = u N ~~ 1 with e small enough. 
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O ■ INTRODUCTION AND RESULTS. 
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We are on Riemannian manifold (At, g) of dimension n > 3. In this paper we denote A 
— V 3 (Vj) the geometric laplacian and N — -. 

in : 

^vq , The scalar curvature equation is: 

4(n ~ 1} A u + R g u = Vu N -\ u > 0. 
n- 2 a 



< 
■3 

c3 



Where R g is the scalar curvature and V is a function (prescribed scalar curvature). 
When we suppose V = 1, the previous equation is the Yamabe equation. 



Here we study some properties of Yamabe and prescribed scalar curvature equations. The 
existence result for the Yamabe equation on compact Riemannian manifolds was proved by T 
Aubin and R. Schoen ( see for example [Au]). 

>; 

CT^ . First, we suppose the manifold (M, g) compact. We have: 

I . Theorem 1. For all a,b,m > 0, there exist a positive constant C — C(a, b, m, M, g) such 

f- ^ ' that for every e > 0, for every smooth function V such that a < V e (x) < b and every positive 

\Q . solution u e of: 

o, 

^— > ■ 

C^ , with maxjij u e > m, we have: 

• • ■ e max u e mm u e > C . 

J> , M M 

•i-H . 

Now, we consider a Riemannian manifold (M, g) of dimension n > 3 ( not necessarily com- 
S . pact) and we work with Yamabe type equation, 

Au- \u = n(n-2)u N - 1 . 
We look for a priori bounds for solutions of the previous equation. 

Theorem 2. IfO < m < A + R g < 1/m then for every compact K of M, there exist a positive 
constant c — c(K, M, m, n, g) such that: 

sup u x inf u < c. 
k M 

Note that there is lot of estimates of those type for prescribed scalar curvature on open set fl 
of R", see ([B],[B-M], [B-L-S], [C-L 1], [C-L2], [L 1], [L 2], and [S]). 



In dimension 2 Brezis, Li and Shafrir [B-L-S], have proved that sup + inf is bounded from 
above when we suppose the prescribed curvature uniformly lipschitzian. In [S], Shafrir got a 
result of type sup +C inf, with L°° assumption on prescribed curvature. 

In dimensions n > 3, we can find many results with different assumptions on prescribed 
curvature, see [B], [L 2], [C-L 2]. 

Note that an important estimates was proved for Yamabe equation about the product sup x inf, 
in dimensions 3,4 by Li and Zhang [L-Z]. 

In our work we have no assumption on energy. There is an important work if we suppose the 
energy bounded, see for example [D-H-R]. 

Application: 

We assume that M is compact and 1/m > R g > m > on M. For small values of A we can 
have some upper bounds for the product sup x inf for the following equation: 

Au e + eu e = n(n — 2)u e ~ . 
Theorem 3. If e — ► 0, then, 

supw e x infw e < c(n,m,M,g). 

M M 

A consequence of Theorems 1 and 3 is the following corollary: 
Corollary. Any sequence u, > solutions of the following equation: 

Aui + eiUi = n(n — 2)m ~ , 
converge uniformly to on M when ej tends to 0. 

We have: 

Theorem 4. On compact Riemannian manifold [M, g) with R g > every-where, the sequence 

(n-2)/4 

Ui > solutions of the previous equation is such that for i large, m 



Note that the previous result assert that 
equation for a small. 



n(n-2) 



n(n — 2) 

(n-2)/4 

is the only solution of the previous 



We remark an important result in [B-V,V]; they have a same consequence than in theorem 4 
with assumption on Ricci curvature ( Ric > eicg, with c > 0). Here we give a condition on 
scalar curvature to obtain an uniqueness result. 



Proof of theorem 1: 

We need two lemmata and one proposition. We are going to prove some estimates for the 
Green function G e of the operator A + e. 

Lemma 1. 

For each point x E M there exist eo > and C(x, M, g) > such that for every z E 
B(xo, eo), and every /i < eo, every a,b E dB(z, /i), there exist a curve 7^ of classe C 1 linking 
a to b which included in dB(z.fi). The length of this curve is l(j a .b) < C(x,M,g)/i. 

Proof: 



Let x E M, we consider a chart (il, <p) around x. 

We take exponential map on the compact manifold M . According to T. Aubin and E. Hebey 
see [Au] and [He], there exist e > such that cxp^, is C°° function of B(x, e) x B(0, e) into M 
andforallz E B(x, e), cxp^ is adiffeomorphismfromB(0, e) toB(z, e) withcxp z [9B(0,/x)] = 
dB(z, n) C M for /j, < e/2. If we take two points a, b of dB(z, /i) (/z < e/2 ), then a' = 
expj 1 (a), 6' = expj 1 (6) are two points of dB(0, /1) C K". On this sphere of center and 
radius /i, we can link a' to b' by a great circle arc whose length is < 2ir/j,. Then, there exist a 
curve of class C 1 <5 a ',b' in dB(0, /i) C K™ such that l(5 a ' ,b') < 27r/x. Now we consider the curve 
7a. h = cxp z (<5 a '.b'), this curve of class C 1 , link a to & and it is included in dB(z,/j.) C M. The 
length of 7 a . is giving by the following formula : 



where ^ is the local expression of the metric g in the chart ($7, <p). 
We know that there exist a constant C = C(x, M, g) > 1 such that: 

tHI^Hr- < g i3 {z)X l X 3 < C||X|| K n for all z E B(x,e/2) and all X E M". 
We have, 

it \ f 1 I r r~c i wu d \ cx Vz\?>a.' M^i,;, v d[exp z [(5 a /. b /]] 

J(7o,fc) = / Y5y[exp 2 [^a',6' («)]]( ^ )»(*)( J t ) 3 {s)ds, 

l(la,b)<C \\dcxp z (—^-)(s)\\ Rn ds, 
and u : (-2, v) — ► cxp z (v) is C°° on B(x, e) x _B(0,e), 
but, 

\\du z . v \\ = ||dexp z (v)|| < C'(x,M,g) V (z,v) E B(x,e/2)xB(0,e/2)(m the sense of linear form), 
Finaly, 

*(7a,i) < C{x,M,g)j ||-|^( s )|| R nrf s = G^M.flf)^^/^) < 2ttC(x, M, ff )/i. 
We need to estimate the singularities of Green functions. Set Gi = G €i . 
Lemma 2. 
The function Gi satisfies: 

G(x v] < g ( M -g) 
where C(M, g) > and d g is the distance on M for the metric g. 
Proof: 



According to the Appendix of [D-H-R] (see also [Au]), we can write the function Gi : 

Gi(x,y) = H(x,y) + Y l k J=1 T ltk {x,y) + u lyk+1 (x,y), 
with, k = [n/2] and u itk +i is solution of Au lyk+1 + e l u i ^ k+1 = T itk+1 . 
According to Giraud (see [Au] and [D-H-R]), we have: 
Co(M,g) 



i)0 <H{x,y)< 



[d g (x,y)r-f 



iii) Ti ik+ i(x, y) < C k +i(M, g) and continuous on M x M . 

We write Ui tk +i by using the Green function Gi, we obtain with iii): 



Ui,k+i(x,y)= / G i (x,y)T^ k+1 (x,y)dV g (y) <C k+ i(M,g) G i {c 1 y)dV g {y) = 
Jm Jm 

If we combine the last inequality and i) et ii), we obtain the result of the lemma. 



Ck+i(M,g) 



We have to estimate the Green function from below. 
Proposition. 

Consider two sequences of points of M, (xi) et (yi) such that Xi 7^ yt for all i and x% — ► x, 
yi — ► y. Then, there exist a positive constant C depending on x, y, M and g, and a subsequence 
(i,) such that: 

C 
G%i {xi 3 >yij)> — V j. 

Proof: 

We know that Gi(xi, .) is C°°(M ~ xi) and satisfies the following equation: 

AGi(xi,.) + €iGi(xi,.) = 0, inM-ij. 
Case 1: 3/ = x. 

Let Ri = -d g (xi,yi) > and fi, = M — B(a;j, i?i), according to maximum principle, the 
function Gi(xi, .) has its maximum on the boundary of £!j. Then; 

msxG i {x l ,z) = Gi(xi,Zi), d(x l ,z i ) = i?j. 

Let tj be a point of M such that d g [j/j,B(o;,,i?i)] = d(ti,yi). We have ij e dB(xi,Ri) 
then d(xi,ti) — Ri- Because the manifold M is compact, we can find a minimizing curve Li 
between yi and ti. Let <5j a curve in dB(xi 1 Ri) with minimal length linking ij to Zi. We can 
choose it like in lemma 1. Then l(Si) < c(x, M, g)Ri and if we note Si — Si U Li, we have 
l(Si) = l(Si) + l(Li) < Ri[l + c(x, M, g)]. The curve Si link Zi to yi, and it is included in f^. 

Let ri = -Ri. We cover the curve Si by balls of radii r», if we consider Ni the minimal number 

5 
of those balls, then we have TV;?-; < [c(x, M, g) + l]R t , and N t < 5[c(x, M, g) + 1]. 

If we work on open set of one chart tt centered in x, with a small ball around Xi removed, 

Cli = ft — B(xi, Ri) then, we can apply the theorem 8.20 of [GT] (Harnack inequality) in 

each ball of the finite covering of Si defined previous. In this Harnack inequality the constant 
which depends on the radius is explicit and equal to Co(n)^ A ^ A ^ +lyfl ^ but here Ri — ► 0, and the 
constant do not depend on the radius. We obtain: 

sup Gi(xi, z) < C(x, M,g) inf Gi(xi,z). 
B(z z ,n) B( yi ,n) 

Then, Gi(xi,z) < G l (x i ,z i ) < C{x,M,g)Gi{xi,yi) for all z E Q,. 

4 



Now we write: 
1 

but, 



Gi(x h z)dV g {z) =/ Gi{xi,z)dV g (z)+ / G;(x,, z)dV g (z), 

e i iM JOi JB(xi,2Ri) 



Gi(xi, z)dVg(z) < \Qi\ supGi(xi,z) < \Qi\C(x,M,g)Gi(xi,yi), 



we take A { = J B(x . 2Ri) G i (x l , z)dV g (z), we have, 



i(xi,2Ri) 

A i= G l [x l ,exp Xz (v)] v / \g\du= / t n - 1 y / \g~\G l [x l ,exp Xz (t9)]dtd9, 

J B(0,2Ri) JO JS„_i 



if we use the lemma 8 in Hebey-Vaugon (see [H-V]), we obtain \/\g\ < c(M, g). But Ri — ► 0, 
then d g [xi, exp x . (t0)] = t (the geodesic are minimizing). We use the lemma 2 and we find: 



s( ,„ !Wl| <«w. 

B(xi,2Ri) e i 



Finaly: 



l-c'(M,g)(^) 2 G'(x,M, g ) 

w^)< |a|c(x,M, ff K ^ £j ■ 

Case 2 : x ^ y. 
We write, 

-= / G;(x l7 z)dVg(2:) = / Gi(xi,z)dV g (z) + / Gj(xj, z)dVg(z). 

e JM J M-B( Xi ,5) JB{xi,8) 

inj (M) 
We take < 6 < , where inj g (M) is the injectivity radius of the compact manifold 

M. We use the exponential map and we have: 

Gi(xi,z)dV g (z)= I Gi[xi,exp Xl (v)]y/\g\dv = / *" _1 / Gi[xi,exp Xl (t$)]y/\g\dtd0, 

B(xi,8) JB{0,5) JO J§ n -i 

If we use the lemma 8 in Hebey-Vaugon (see [H-V]), we obtain \g\ < c(M, g). Using the fact 
t — > exp x . (£0) is minimizing for t < S < inj g (M) and the lemma 2, we obtain: 

Gi(xi, z)dVg(z) < . 

<B( Xi ,5) e i 

Then, 



/ Gi{xi,z)dV g (z)> 

JM-B(xi,8) e 



we can choose < 5 < 



l-C'(M,g)S 2 

\j l \x i ,z)av g \z) ^ 

) 
1 



VC'(M,g) 



d g {x,y) 



Between x and y, we work like in the first case. We take < S < , for each i 

and we consider the maximum of Gj(x,, .) in f2, = M — B(xi,5). By maximum principle 
Gi(xi, Zi) = maxsi; Gi(x i z) = max.QB(x it S) Gi(xi, z). After passing to a subsequence, we can 
suppose that z% — * z. 

We have < S = d(xi, Zi) — ► d(x, z). We choose 8 > such that the ball of center x and 
radius 2(5 is included in open chart centred in x. (we can choose the exponential map in x and 
use the lemma 1). 

5 



Let t be the point of B(x,S) such that d(y,t) = d[y,B(x,5)], t depend on x and y. We 
consider a minimizing curve L\ between t and y. The manifold is compact and 5 << inj g (M), 
then, in each point u of Li, [-B(w, <5/2), exp u ] is a local chart. We cover the curve L\ by a 
finite number of balls of radii 5/10. We apply the Harnack inequality between those balls for the 
functions G% (xj , .) . We infer that: 

sup Gi(xus) <C(x,y,M,g) inf Gi(xi,s) < C(x,y,M,g)Gi(xi,yi). 

B(t,S/10) B(y t ,S/W) 

Now we want to know what happens between the balls B(t, 5/10) and B(z, 5/10). The ball 
B(x, 25) is open chart set centered in x. We choose a curve L2 between z and t like in the first 
case. This curve must stay in dB(x, 5) and its length I < C\(x, y, M, g)5, then, we can have a 
covring of this curve by a minimal number TV of balls od radii 5/10, in fact N < C2 (x, y, M, g) 
(like in the first case). Those balls are included in the open chart set centered in x which we 
choose as in the begining. Then, the operator A + e, has those coefficients depending only on 
the open chart set centred in x and not depending on z, we can apply the Harnack inequality 
(theorem 8.20 of [GT]) in this open set without B(x, 5/100), for the functions Gi(Xi, .). Finaly, 
we obtain the same conclusion than in the case 1, there exist C = C(x, y, M, g) > such: 

Gi(xi, s) < CG i (x l ,y i ) V s e fti — M - B(xi,6) V i >i a . 
The rest of the proof is the same than in the case 1 . 

Proof of Theorem 1. 

We write m by using the Green function Gi, then: 



M 



mmUi=Ui(xi)= J Gi(xi,y)Vi(y)ui(y) N 1 dV g (y), 



M 



then, 



sup«iXinfui> / Gi(xi,y)Vi(i))ui{y) N dV g (y)>aminG i (x i ,.) I Ui(y) N dV g (y). 

M M Jm m Jm 

Let Gi(xi,yi) = minM Gi(xi, .), after passing to a subsequence, we can assume that x, — > x 
and yi — ► y. By using the previous proposition, we can suppose that there exist a positive 
constant c = c(x, y, M, g) such that: 

Gi(xi,yi) > —. 
Then, 

/ [u t ( y)} N dV g (y) < a sup m inf m . 
Jm m m 

We know argue by contradiction and assume that ej sup M Ui x inf m w, tends to 0. We know 
( see a previous paper when we use the Moser iterate scheme, see [Bl]), that ( after passing to a 
subsequence) for q large: 

IMIl<j(m) -> 0. 
Assume that G the Green function of the laplacian, we can write: 

Ui ^^jnTT7\l Ut+ c^yM^Q/KO)^ 1 - ^Ui(y)]dV g (y), 

V Ol(M ) J M J M 

and if we use Holder inequality, we obtain: 

supiii — > 0. 

M 

But, this is a contradiction with sup M m > m > 0. 



Proof of the theorems 2,3,4. 

Part I: The metric in polar coordinates. 

Let (M, g) a Riemannian manifold. We note g x ^j the local expression of the metric g in the 
exponential map centred in x. 

We are concerning by the polar coordinates expression of the metric. Using Gauss lemma, we 
can write: 

g = ds 2 = dt 2 + g^(r, 9)de i d9 j = dt 2 + r 2 g k 3 {r, 9)d9 l d6 : > = g x . ll dx i dx : > , 

in a polar chart with origin x", ]0, eo[xU k , with (U k , ip) a chart of S„,_i. We can write the 
element volume: 



dV g =r n - 1 ^\g k \drde 1 ...dO 11 - 1 = ^J[det{g x . lj )]dx 1 . . .dx n , 
then, 



dV g = r 71 - 1 \j [det{g Xtij )\ [exp x (r6)]a k {6)drd6 1 . . . dO 71 ' 1 , 

where, a k is such that, das n _ 1 — a k (9)dd 1 . . . d6 n ~ l . (Riemannian volume element of the 
sphere in the chart (U k , ip) ). 

Then, 

Tjm=a k (0) y f[det(g x , ij )]. 
Clearly, we have the following proposition: 

Proposition 1: Let xq <G M, there exist e\ > and if we reduce U , we have: 

\d r g^(x,r,6)\ + \d r d em ~g k 3 {x,r,6)\ < Cr, V x e B{x ,e 1 ) V r e [0,ei], V 6 e U k . 
and, 

\d r \g k \(x,r,6)\ +d r d e ™\g k \(x,r,6) < Cr, V x e B(x ,ei) V r e [0,ei], V 6 e U k . 
Remark: 

dr [log vf^l] i s a l° ca l function of 6, and the restriction of the global function on the sphere 
S„_i, 9 r [log y/det(g x ,ij)]. We will note, J(x, r, 9) = y/det(g x ,ij). 

Part II: The laplacian in polar coordinates 

Let's write the laplacian in [0, ei] x U , 

% r + —d r + a r [io g Jm)d r + — l=d 6i (f ei J\§*\d $i ). 

r v v L \ \a K \ v 



-A = d r . 

r z y / \g K 
We have, 

-A = d rr + ^-d r + d r logJ(x,r,6)d r + ] ' d 8 i(g 0i0J J\g^\d ei ). 
r r 2 y/\g k \ v 

We write the laplacian ( radial and angular decomposition), 

Ti 1 

-A = d rr H d r + d r [logJ(x,r, 0)]d r - A Sr(x) , 

where As r t x ) is the laplacian on the sphere S r (x). 

We set Lg(x,r)(...) = r 2 Agr x \(...)[eacp x (r$)], clearly, this operator is a laplacian on §„_i 
for particular metric. We write, 

L (x,r) = A gxr ^_ i , 

7 



and, 



n — 1 1 

A = d rr H — d r + d r [J(x,r, 6)]d r ^L g (x,r). 



If, u is function on M, then, u(r,9) = u[cxp a ,(r0)] is the corresponding function in polar 
coordinates centred in x. We have, 

n — 1 _ _ 1 

—An = d rr u H 9 r w + 9 r [J(a;, r, 6)]d r u -L§(x, r)u. 

Part III: "Blow-up" and "Moving-plane" methods 
The "blow-up" technic 

Let, (ui)i a sequence of functions on M such that, 

In 

Aui - \u t = n(n - 2)u l N ' 1 , u; > 0, N = , (E) 

n — 2 

We argue by contradiction and we suppose that sup x inf is not bounded. 
We assume that: 

V c, R > 3 u c ,n solution of (E) such that: 

R n ~ sup u c ,_r x inf u c .r > c. (H) 



B(x ,R) M 



Proposition 2: 



There exist a sequence of points (yi)i, yi — > xo and two sequences of positive real number 

Mi[cxp (y)] 

(Zj)i, (ij)i, /j — > 0, Li — ► +oo, such that if we consider vAy) — -^t , we have: 

Ui(yi) 

i) < Vi (y) < & < 2<"- 2 )/ 2 , ^ -» 1. 

/ 1 \ (™- 2 )/ 2 

m) ^i(2/) - * j — fo ) j uniformly on every compact set of R™. 

Hi) If [ui(Vi)] x inf Ui — » +00 

Proof: 

We use the hypothesis (iJ). We can take two sequences i?i > 0, Ri — > and Cj — > +00, such 
that, 

Rc~ ' sup Uj x inf «i > c, — > +00. 

B(x ,.Ri) M 

Let, xj <E B(xo,Ri), such that supb/^jj.) Ui — Ui(xi)mdsi(x) = [i?j— d(a;,a;i)]( n_2 " 2 Mi(a;),a; e 
B(xi, Ri). Then, a;, — > xq- 



We have, 



Set: 



max Si(x) = Si(yi) > Si(xi) = Ri^ n 2)/2 Ui{xi) > y/ci — > +00. 

-B(xi,i?i) 



li = Ri- d(yi,Xi), Ui{y) = Wj[exp Ui (j/)], v;(z) 
Clearly, j/j — » xq. We obtain: 



^[exp yi (z/K(y t )] 2 /("- 2 )) 



!i fo.foOp/C-'O - [S - ( ^ )]2/( "' 2) > C ' /( "' 2) - c 1 / 2 *"- 2 ) - +oo 

( c .)l/2(n-2) L«*UWJ c V2(n-2) ^ c l/2(n-2) ~ C * +0 °' 



S 



If \z\ < L u then y = em, ( [«/M»i)] 2/(n - 2) ] E B(y l ,S l h) with fc 



1 



-y s L~/ L-*VWVJ J - — vwu-i'V — » - (- c \l/2(n-2) 

d(y, yi) < Ri- d(yi,Xi), thus, d(y, a;,) < #, and, Sj(t/) < Si(yi), we can write, 



and 



But, (%, i/i) < <5^i, Ri > k and ^ - d(y, y t ) > Ri- Sih > k - Sik =h(l- S { ), we obtain, 



, n Ui(y) 



Ui{yi) 



h 



k{l-Si) 



(n-2)/2 



< 2(™- 2 )/ 2 . 



We set, fa = 



1 



(n-2)/2 



The function v* is solution of: 



, clearly /% — » 1. 



5 jfe [exp yi (j/)]a j7£ w 4 -a fc g jfe \/lffl [exp^Cs/)]^. + 



•R 9 [ cx P Vl (y)] 



— rWi = n(n - 2)w. 



AT-1 

I ) 



^V^J"^ ^« L » Vltfljl-^V*/^- ■ [„.( y .)]4/(n-2) 

By elliptic estimates and Ascoli, Ladyzenskaya theorems, (vi)i converge uniformely on each 
compact to the function v solution on R™ of, 

Av = n(n - 2)v N - x , v{0) = 1, < v < 1 < 2<"- 2 )/ 2 , 
By using maximum principle, we have v > on R™, the result of Caffarelli-Gidas-Spruck 



( see [C-G-S]) give, v(y) = 



1 



1 + V 



(n-2)/2 



We have the same properties for iij in the 



previous paper [B2]. 

Polar coordinates and "moving-plane" method 

Let, 

Wi{t,0) = e("- 2 )/ 2 ^(e t ,0) = e^-^Uioexpy^O), et a( yil t,9) = logJ(i/i,e',0). 
Lemma 1: 

The function w, is solution of: 

-d tt Wi - d t ad t w l - Lg(yi, e*) + cu^ = n(n - 2)wf r ~ 1 , 



with, 



Proof: 

We write: 



c = c(yi,t, 



n-2\ n-2 



d t a— Ae 



n-2 



^ = e nt ' 2 d r u % + ^—t Wi , d ttWi = e^ 2 ^ 2 



(.// ■ I " Ui ) | , L/7" ti ? 



n-2 



n-2 



<9 t a = e t d r \ogJ(y u e t ,e),dtad t w l = e {n+2)t/2 [d r log Jd r Ui] H —d t awi. 

the lemma is proved. 

Now we have, 9 t a = -^—,h(yi,t,d) = J{y i ,e t ,0) > 0, 
01 

We can write, 

^^(V^&iWi) - L e (y l ,e t )w l + [c(t) + b; 1/2 b 2 (t, 8)} Wl = n(n - 2)w i JV - 1 , 

9 



where, b 2 (t,$) = d tt (Vh) = :r4=9tt&i - JtAtTo (dth) 2 . 



Let, 



Lemma 2: 



2^ " x 4(6i) 3 / 2 



u>i = \fbiWi 



The function Wi is solution of: 

> 1 /Q 

-9 tt Wj + A s (ibi) + 2V e (w l ).V e log(v^i) + (c + &i b 2 - c 2 )wi 



//(//- 2) (1 



(JV-2)/2 



-f- 1 , 



where, c 2 = [-=A (VM + |V e log(V5I)| 2 ]. 

VOl "*' ' S n-1 

Proof: 



We have: 



1 



9 t tWj - v 6i A s ^ + (c + 6 2 )^i = n(n - 2) I — - 



6i 



(JV-2)/2 



tDf- 1 , 



But, 



A 



9«/.-.e*,« 



(y/biwi) = \/biA g t Wi-2V e wi.VeVbi + WiA g t (\Ai), 



and, 



Ve(\/6iWi) = WiVe\Ai + y/h'VeWi, 



we deduce than, 



'friA^, Wi = Ag w _ et (ujj) + 2V e (wi).Vg log(vfei) - c 2 w. 



with c 2 = [^^A , 



(v^i) + |Ve log(\/5i)| 2 ]- The lemma is proved. 



The "moving-plane" method: 

Let & a real number, and suppose £j < t. We set £& = 2£j — £ and tyf* (£, 6*) = tDi(i^ , 0). 
We have, 



-a tt wf+A s (^)+2V e (^f).V e log(V^)^f + [c(^)+6r 1/2 (^,>2(^)-4*]*f 

»i' e * *S n _i 

/ v (JV-2)/2 

By using the same arguments than in [B2], we have: 

Proposition 3: 

We have: 

1) w l {\ l ,0)~w l {\ i +A 1 6) >~k>0, V0€§„_i. 
For all f3 > 0, there exist c^ > such that: 

2) A e («- 2 )*/2 < ^(A, +t,6)< C/3 e (n - 2)t/2 , V t < /?, V € S„_i. 

C/3 



We set, 



10 



-1/2, 



Z % = -d tt {...) + \ yi , et , Sn _ t (•••) + 2V e (...).V e log(V6i) + (0 + 6! 1/z 6 2 - c 2 )(...) 

~ —1/2 

Remark: In the operator Zi, by using the proposition 3, the coeficient c + b 1 6 2 — C2 
satisfies: 

c + 6^ 1/2 6 2 - c 2 > k' > 0, pour t « 0, 
it is fundamental if we want to apply Hopf maximum principle. 

Goal: 



Like in [B2], we have elliptic second order operator. Here it is Zi, the goal is to use the 
"moving-plane" method to have a contradiction. For this, we must have: 






Zi(w\ l — Wi) < 0, if w)|* — Wi < 



7,6 



We write: 



Zi(wf - Wi) = (A 



9 t u 



)(wT)+ 



2(V„ ptU - V e , e t)( W f ).V fl .«, log(V6f ) + 2Vtf,e«(tSf).V fl pA [log(V^) - log v^]+ 



+2V e , e .«f .(V. .«, - V fl , e . ) log v^ftT - [(c + 61 1/2 6 2 - c 2 )«' - (c + b\ 1/2 b 2 - c 2 )]wf 



+n{n - 2) f - r 
\bf 

Clearly, we have: 
Lemma 3 : 



(N-2)/2 



~li\N-l 



(w?)"- i -n(n-2)[- 



(JV-2)/2 



w?- 1 . 



(* * *1) 



bi(Vi, t, 6) = 1- -Ricci yi (6, 9)e 2i + ..., 
Rgi^B) = R g (Vi)+ < VR g { yi )\6 > e* + . . . 



According to proposition 1 and lemma 3, 
Propostion 4 : 



7 ( ~ii - \ ^ u (2-JV)/2r/ ~ii\N-l ~7V-li 

Zi(ty|* - Wi) < h K " \{wf) -Wi \ 



+C\e 2t -e 2tU \ [\Vowh + 1^(^)1 + l^cd,J[^ + (t^)"" 1 ] + |i? 9 (^)|^J +C'| e 3 ' £ '-e 3 '|. 
Proof: 

We use proposition 1, we have: 



a( yi ,t,0)= log J{ yi ,e\ 9) =\ogb 1 ,\d t b 1 (t)\ + \d tt b 1 (t)\ + \d tt a(t)\<Ce 2t , 



and, 



I ^61 1 + \9ej,e k h\ + t , fl ,&i| + |$,e„«>6i| < Ce 



■21 



then, 



Idtbitf') - dtbi(t)\ < C'\e 2t - e 2tU \, on ] - oo.logei] x S n _i,V x e B(x ,ei) 
Locally, 



,. .,„ = Lofae*) = ) d gl [f e \e\6)J\g«{et,6)\d e3 ]. 

*' ' b n-i •./ \ci K \e t . t)\\ v 



vww, 



Thus, in [0, ei] x U k , we have, 



A, 



=d 0l {f^J\~g^\d 6i ) 



'\9 k 



>~e l e j 



i^W" Wl%) 



(wf*) 



then, A, = Si + Dj with, 



S, ; 



~o l e j /t^i 



xS l 9 j it 



f»\e^\e)-f»\e\e) d 9 ,»w?(t,9) 



and, 



A: = 



1 



1Fi(e**',(9) 
we deduce, 



^[/*V 



w\(r\t 



i 



\g k \(e\0) 



a e! [/ f,3 (e*,0) x tae',0)] 






%wfM)> 



^<C fe | e 2t -e 2t£ '| 



V^f| + |V^f)| 



2^7,«. 



If we take C = max{Ci, 1 < i < q} and if w use (* * *1), we obtain proposition 4. 
We have, 



c{yi,t,6) 



n — 2 \ n — 2 „ „ ot , 

+ ^— <9 t a + i? ff e 2t , (ai) 



62(*,«) = a«(v&i) 



i 



2V5I 



dtth 



1 



4(603/^ 



:($&i) 2 , (a 2 ) 



c 2 = -7?= A V .* , 



(V^) + |V e log(V^)| 2 ], (a 3 ) 



Then, 



fn — 2) 
fitcfcfc, t, 0) = ^— ^d tt a + 2e 2 %(e'#) + e 3t < Vfl ff (e'0)|0 >, 



by proposition 1, 



|5 t c 2 | + |a t 6 1 | + |a 4 6 2 | + |a t c|<^ 1 e 2 *, 



AT-1 



The case: < m < A + fl,, < — for the equation Am — \u = n(n — 2)u 

m 

Let xa a point of M, we consider a conformal change of metric g — (p 4 ^ n ^ 2 ^g such that, 
Ricci(xo) = 0. See for example [Au] ( also Lee and Parker [L,P]). 

We are concerning by the following equation, 



A g u — Xu = n(n — 2)u , 
the conformal change of metric give when we set v — u/cp, 

A g v + R g v = n(n - 2)v N ~ l + (A + R g )ip N ~ 2 v. 

n-2 
The notation R is for — -it and R = R a or R = R„. 

4(n — 1) 

Our calculus for the metric g are the same that for the metric g. But we have some new 
properties: 



det(g yi jk) = 1 — T;Ricci{yi){9 ) 6)r 2 + ..., and Rg(yt) — ► 0, Ricci(yi) — > 0. 



If we see the coeficient in the term e 2 * * — e 2 ', we can say that all those terms are tending to 0, 
see proposition 4. Only the term ( A + R g ) (e 2 * * — e 2 ' ) < to (e 2 * — e 2 ' ) (to > 0), is the biggest. 

In fact, the increment of the local expression of the metric g% —gjk, have terms of type dg i wf l 

et dg j t k wf * but we know by proposition 2 that those terms tend to because the limit function 
is radial and do not depend on the angles. 

We apply proposition 3. We take ti — \og\fU with U like in proposition 2. The fact 

2 
V^ifuifj/i)] 2 ^" -2 - 1 —* +oo ( see proposition 2), implies ti = log y/li > log uAyi) + 2 = 

n — 2 

Aj + 2. Finaly, we can work on ] — oo, U]. 
We define £j by: 

& = sup{A< Ai + 2, Wi(2\-t,6) -u>i(t,6) < on [A,t*] x S„_i}. 
If we use proposition 4 and the similar technics that in [B2] we can deduce by Hopf maximum 
principle, 



which implies, 



max lii (ti , 9) < min Wi (2^ — ti 

&n— 1 S^—i 



'i u i\Vi) x minji, < c. 



It is in contradiction with proposition 2. 
Then we have, 



supu x inf u < c = c(K 1 M, to, g, n). 



A pplication: 



Let M a Riemannian manifold of dimension n > 3, and consider a sequence of functions Ui 
such that: 

Aui + aUi = n(n — 2)ui ~ , e^ — > 

If, the scalar curvature R g > m > on M, then, applying the previous result with A = — e«, 
we obtain: 

supui x inf Ui < c, V i, 

M M 

Proof of the theorem 4: 

Without loss of generality we suppose, 

Aui + aUi = U: ~ , et maw; — » 0. 

M 

Lemma 1: There exist a positive constant, c such that: 



Proof of lemma 1: 



Suppose by contradiction: 



sup «i < c inf Ui, Vi. 
m m 



SUp M Ui 

lim sup — 



SUp M Ui 

After passing to a subsequence, we can assume: — > +oo. 

inf m Ui 

We have, sup M Ui = Ui(yi) et infM Ui — Ui(xi). We also suppose, Xi — > x et j/i — > y. 

13 



Let L be a minimizing curve between x and y, take 6 > such that (5 < inj g (M), with 
injg(M) the injectivity radius of the compact manifold M. 

For all a e L, [B(a, £), (cxp a ) -1 ] is a local chart around a, but L is compact. We can cover 
this curve by a finite number of balls centred in a points of L and of radius 5/5. Let oi, . . . , Ofc 
those points, with, ai = x and afc = y. 

In each ball _B(oj, (5), u, is solution of, Aui + (ei~u i ~ 2 )ui = 0, we use the fact sup M u, — ► 
and we apply the Harnack inequality of [G-T] ( see theorem 8.20), we obtain: 

sup Ui < Cj inf m, j = 1, . . . , k. 

B( aj ,5/5) B( aj ,S/5) 

We deduce: 

sup u % < C k Ck-i C\ inf m, 

B(y,S/5) B(x,6/5) 

In other words: 

supui < Ck C\ inf m . 

M M 

It's in contradiction with our hypothesis. 

Lemma 2: There exist two constants, fci , hi > such that: 

fc ie >- 2 )/ 4 < Ui {x) < fc 2 e/™- 2)/4 , VieM,Vi. 
Proof of lemma 2: 



Let Gi the Green function of the operator A + a, this equation satisfies: 

/ Gi(x,y)dV g (y) = -, V x e M. 
We write: 



(inf M u») 



JV-l 



ini Ui = Ui(xi) = G l (x il y)u i (y)dV g (y) > (inf Ui) I G i {x i ,y)dV g {y) = 

M J M M J M c « 

thus, 

inf u t < e/"- 2 )/ 4 . 

M 

We the same idea we can prove, sup M Ui > e^™ -2 ^ 4 . We deduce lemma 2 from lemma 1 
and the two last inequalities. 

Lemma 3: There exist a rank Iq such that, Ui = e/ n_2 ^ 4 . for i > «o- 

Proof of lemma 3: 

Ui 

Let, Wi = — ; — 77TT7- This function is solution of: 

ei (n-2)/4 

A W , = e t {wf- 1 - Wi ) = e lWl (w?~ 2 - 1). (*) 
Case 1: N - 2 > 1(3 < n < 6). 
To simplify our computations we suppose that N — 2 is an integer. 

According to binomial formula, w i ~ 2 — l = (wi — l)(l + u>i + ...), we multiply (*) by u>i — 1 
and we integrate, we obtain: 

/ \V Wl \ 2 <Ce t f K-l| 2 , 

JM JM 

Suppose that we have infinity i, such that u>i ^ 1, then we can consider the following func- 

Wi — 1 

tions: Zi = — -. 

k- lb 



Zi verifiy, ||^»||2 = 1, 1 1 \7^^| || < Ce^ — ► 0, thus, Zi — ► 1 in L 2 (M) and in particular, 
J M ZiWi(l + Wi + ...) — ► C 7^ ( by using lemma 2). But, if we integrate (*), we find 
J M ZiU>i(l + Wi + ....) = 0, it's a contradiction. 

Thus, there exist a rank such that w, = 1 after this rank. 

Case 2: < N - 2 < 1 ( n > 7): 

To simplify our computations, we suppose that 1/(N — 2) is an integer. 

Now we take w^~ 2 — 1 and we write uii — 1 = (w^ -2 ) 1 /^- 2 ) — 1, by using the binomial 
formula and the same ideas than in the previous case we obtain our result. 
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